
,.— _

TECHNICAL NOTE 2461

ANALYSISOF PURE-BENDINGFLUTTEROFA CANTILEVER

SWEPTWINGANDITSRELATIONTO BENDING-TORSION

FLUTTER

ByH.J.Cunningham

LangleyAeronauticalLaboratory
LangleyField,Va.

.—

v
Washington

September

—. .... —...- . . ...— —~. .- ... .— - ..— — —- —------ .-



TECHLIBRARY‘KAFB,NM

a

Illlflllllllllflluu
NATIONALADVISORYCCMKNYEEFORAERONAUTICS

llllb5LDll

TECHNICAIINOTE2461
“

ANALYSISOFPURE-BENDINGFLUTI’EROFA CANTILEVER

SWEPTWINGANDITSRELATIONTOBENDING-TORSION

FLUTTER
,.4

3, By H.J.Cunningham

SUMMARY

Thepresentanalysisdealswiththepossibilitythata sweptback
wingwhichisconsideredtohaveinfinitetorsionalstiffnesscanstill
flutterinbendingonly.TheanalysisisimplicitinthatofNACARep.1014
andemploysaerodynamiccoefficientsoftwo-dimensionalincompressible
andcompressibleflow.Theeffectsofwingmass-densityratio,angleof
sweepback,length-semichordratio,andMachnumberforpure-bendingflut-
terarestudied.Flutterinbendingaloneis showntobe thelimiting
caseofbending-torsionflutterastheratioofbendingfrequen-cyto
torsionalfrequencyapproacheszero,providedthatthewingisheavy
enoughcomparedto itssurroundingmediumanditssweepparameteris
sufficientlylarge.

Calculationsbasedontwo-dimensionalcompressible-flowcoefficients
fora normal-componentMachnumberof0.7indicatethatcompressibility
hasa muchmoremarkedeffectonthespeedofpure-bendingflutteYand
of closelyrelatedcoupledflutterof sweptwingsthanhasbeenfoundin
previousworkfor’coupledflutterofunsweptwings.Inthecaseofpure-
bendingflutter,thebendbgfrequencyisall-importantin settingthe
flutterspeed,andinthecaseof coupledflutterof a heavy,swept,
stubbywingwitha lowratioofbendingtotorsionalfrequency,thebentig
frequencyagainhasmoreinfluenceonflutterspeedthanthetorsional
frequencydoes.

Effectsoffinitespanhavenotbeenconsideredbutareexpected
tobe appreciableforlow-aspect-ratiowings.

INTRODUCTION

It ispossiblethata sweptbackwingwhichis consideredtohave
infinitetorsionalstiffnesscan,stillflutter.Flutterof sucha wing
wouldoccurinbendingaloneandisa limitingcaseofthemorewidely
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2 NACATN 2461

studiedflutterinvoltigbothbendingandtorsion.Flutterinbending
alonehasbeenreferredto as single-degreebendingflutter(andisat
timessodesignatedheretiafter),althoughit shouldberecognizedthat
themotionmaybe givenintermsofoneor severalbendingdegreesof
freedomormaybe treatedbya differential-equationapproachwhich
wouldincludeallpossiblebending-modeconibinations.

Althoughno actualairplanewingwilleverhaveinfinitetorsional
stiffness,studyofthebending-alonelimitingcaseisofpractical
interestsinceananalysisofbending-aloneflutterismorequicklyand
easilymadethanoneforcoupledflutter,andit isexpectedthatparam-
etersaffectingthebending-alone-flutterspeedhavea similarqualita-
tiveeffectonthecoupled-flutterspeedoversignificantrangesof
thoseparameters.Forexsmple,studyofthelimitingcaseofbending-
alonefluttercanpointoutrangesofparametersforwhichthespeedof
theassociatedcoupledflutterismuchmoreaffectedbywingbending
stiffnessthanby torsionalstiffness.

Thetheoreticalpossibilityofbending-aloneflutterofa swept
winghasbeennoticedby investigatorsinEnglandandGermany.In this a
countrythepossibilitywasmentionedby Smilginhisstudyofoscil-
lationsofanunsweptwinginpitchingalone;furthermore,itisimplicit
intheanalysisofreference1. It iswelltopointoutthatpure-
pitchingflutterofanunsweptwingandpure-bendingflutterofa swept
winghavean importantpointof similarity;namely,thatwingsections
inthestreamdirectionpivotaboutaxesnearor aheadoftheleading
edge.

Thepresentpaperisintendedto givesomefeaturesofflutterin
bendingaloneandcontainsresultsofanalysesmadeto determinesome
effectsofwingmass-densityratio,angleof sweepback,length-semichord
ratio,andMachnumber.Somerelationsofpure-bendingfluttertothe
conventionalbending-torsionflutterarealsogiven.

Theanalysisismadeonthebasisofassumedtwo-dimensionalcom-
pressibleandincompressibleflowoverwingsectionsas inreference1.
Effectsofaerodynamicmutualinductionduetofinitespanor spanwise
variationof deflectionamplitudeorbothareexpectedtobe appreciable
anditmustbe keptinmindthatsuchcorrectionshavenotbeenincluded.
Moreover,beforegeneralconclusionscanbemade,effectsof otherdegrees
offreedom,includingbodymotions,shouldbe investigated.

—————— -— ..—
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SYMBOLS

psrtof complexcoefficientofaerodynamicliftingforce
ona wingsectionwhichisoscillatingharmonicallyin
bendingina two-dimensionalstresm(Rch+ ‘lch)

complexcoefficientsOZtotalliftingforceandoftotal
momentinequationsof equilibrium,defipedfollowing
equation(20b)ofreference1

semichordofwingmeasurednormalto elasticaxis
(Y’-sxis;seefig.1)

semichordofwingata referencestation,feet

amplitudefunctionofwinginbending

amplitudefunctionofwingintorsion

structialdampingcoefficientforbendingvibration

structuraldsmpingcoefficientfortorsionalvibration

generalizedcoordinateinbendingdegreeoffreedom,feet

( )hoetit,where ho isa constant

imaginarypwtof

reducedfrequency,
culsrto elastic

‘ch

based?nvel?citycomponentperpendi-

effectivelengthofwing,measured

massofwingperunitlengthalong

streamMachnumber

ratiosinvolvingFh(v)

nondimensionalradiusof
f

alongelasticaxis,feet

Yt-axis,slugsperfoot

definedfollowingequation(6)

~ation ofwingaboutelasticaxis

(vCJI nib2,where Ia ismassmomentof inertiaofwing
aboutitselasticaxisperunitlengthin slug-feet?
perfoot)

. ..— —. ~ — . .—..—
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s

\K/e psmmeter;seeequation(5)

R& realpartof Ach

t time,seconds

v free-streamspeed,feetpersecond

Vn componentoffree-streamspeednormal
feetpersecond(vCOSA)

to elasticaxis,

x distanceofelasticaxisbehindleadingedge,takenea perpendicularto elasticaxis,percentchord

‘CR distanceof centerof gratityofwingsectionbehind

7

-“ leadingedge,
percentchord

A

e

l/E ‘

l/lte

A

P

u)

sweepparameter

takenperpendicularto elasticaxis,

(7-)tanA
Z’br

flutterdeterminant;seeequation(3)

nondimensionalcoordinatealongelasticaxis;O atroot,
1.0atwingtip

generalizedcoordinateintorsionaldegreeoffreedom,

radisms(19emt, where 1900 isa constant)

ratioofmassofwingsectiontothatof anequal-length
cylinderofairof diametere@al towingchord (m/tipb2)

effectiveormeanvalueof sectionmassratioobtainedby
integratingoverlength;seeequation(4)

angleof sweepof
degrees

densityofmedium

angularfrequency

elastitiaxis,positiveforsweepback,

surroundingwing,slugspercubicfoot

ofvibration,radianspersecond

— —
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% angularuncoupledbendingfrequency,radianspersecond

‘a angularuncoupledtorsionalfrequencyaboutelasticsxisj
radianspersecond

ANALYTICALINVESTIGATION

In ananalysisofflutterofa cantileversweptwing,theshapeof
thedeflectionmodemustbe takenintoaccount.Inthepresentanalysis,
as inreference1,thewingisconsideredinthefollowingmanner:wing
sectionssrenormaltoanelasticsxis(orlocusofflexuralcenters)
whichresultsfromconsideringthewingtohaveaneffectiverootas in
figure1,andbendingisconsideredtobe thedeflectionofthesewing
sectionssothattheirdisplacedpositionsme paralleltotheir
unstrainedpositions., ‘

Alsoinvolvedintheproblemareconsiderationsofunsteadyaero-
dynamicforcesforwingsoffinitespan.Unresolvedcomplicationsarise
forlow-length-chord-ratiowingswhenattemptsaremadetotakeinto
accountanalfiicallyeffectsof spanwisemutualinductionwhichoriginate
in spanwisevariationof deflectionsmplitude,infinitespan,or inboth.
Suchanalyticalattempts,evenforsimpleconfigurations,areexceedingly
complexandhavebeenratherinconclusiveintheiragreementwithexperi-
mentalresults.Theanalysisofthepresentpaperthereforeis,for
rconvenienceandsimplicity,thetwo-dimensional-flowapproachofrefer-
ence1 whichshouldbe reasonablyusefulforwingsofatleastmoderate
aspectratiobutmayrequireappreciablecorrectionforlowaspectratios.

In additionto calculationsfor-incompressibleflow,m attempt
hasbeenmadeto determineeffectsof compressibili’~bysubstituting
aerodynamiccoefficientsfortwo-dimensionalcompressibleflow(for
example,as fromreferences2 and3) accordingtotheMachnumberofthe
subsonicflowcomponentnormaltotheleadingedge.Thatis,foreach

. wingsectionaerodynamiccoefficientsfor M = O arere@acedby those
forthenormal-componentMachnumberM COSA.

Theexpectationisthatprimaryeffectsofwingparametersand
compressibilitywillbepredictedandthat,asa result,areaswhere
additionaleffortsshouldbe expendedwillbe delineated.

Thesucceedingsectionsareintendedtoprovideinsightintothe
phenomenonofpure-bendingflutterby: (1)exatiinga sequenceof
resultsof calculationsforbending-torsionflutter,(2)determining
theconditionsunderwhichbending-torsionfluttercontainspure-bending
flutterandthenshowingthatpure-bendingflutteris,ingeneral,the
limitofbending-torsionflutterasthefrequencyratio~/ua approached
zerounderthoseconditions,(3) investigatingeffectsof somesignifi-
cantparametersonpure-bendingflutter,and(4)givingsomesample
quantitativerelationsofpure-bendingtobending-torsionflutter.

—. .. . — -——— —.——— ———— .-



6 NACATN 2461

Bending-TorsionFlutterofa SweptWing

Methodof solution.-Theflutterofa nonuniformsweptwingintwo
de~eesoffreedom,onebendingandonetorsion,istreatedas* ref-
erence1. Thetwoequationsofequilibrium(fromreference1)areas
follows:

(1)

(QD2+~,,)fipbr~= O (2)

Thequantities~, B2,D2,and ~ (definedsubsequenttoequation(20b)
ofreference1)dependinpsrtontheunlmownreducedfrequency~ and ‘
ontheunlmownflutterfrequencyo. Realcombinationsof ~ and u
whichcause-thedeterminantof coefficientstovanish

%2 B2
A= = o

D2 E2

.

(3) “

arecharacteristicvaluesanddefinetheconditionofflutter.

sometypicalqualitativeresultsofflutterspeed.-Forthepurpose
of gainingsomeinsighttitothecaseofpure-bendingflutter,a sequence
of curvesofbending-torsion-flutterspeedobtainedby varyingcertain
parametersisof interest.Figure2 presentssucha sequence,inpro-
gressiveorderfromfigure2(a)tofiguxe2(d),-ofinterrelatedpairs
of curvesofflutter-speedcoefficientsv/~ and v/~ asfunctions

(ofwingfrequencyratio~~ thatis,
)

v%— = —— . Thesecurves
& %%

areintendedto showonlyqualitativeresultsandtheycovera fairly
widerangeof classesof sweptcantileverwings.

Tworelevantwingparametersthatcanbringabouttheprogressive
changesfromfigure2(a)tofigure2(d)are: (1)a sweepparsmeter7
deftiedbythesweepangleandlength-semichordratioas

o

.
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and(2)a massparameterl/R~ whichisan integratedmeanvalue,
basedon energyconsiderations,ofthesectionmass-densityratioand
isdefinedas--

1—=
‘e

whereFh(~) istheamplitudefunctionor shapeofthebendingmode.

Sincethemassparameterrepresentsa ratioofwingmasstoairmass,–
itcsmalsogiveeffectsof altitude.

Theflutter-speedcoefficientsV/lXDaand v/~ asfunctions
of ~/~ canchangefromthoseoffigure2(a)to thoseoffigure2(d)
providedthat: (1)l/~e iS s~ficientlylargead 7 progressesfrom
a smallvalue(fig.2(a))jthroughan intermediatevalue(fig.2(b)),
througha transitionalvalue(fig.2(c)),to a larger-than-transitional
value(fig.2(d));or (2)7 is sufficientlylargeand l/~e increases
froma smallvalue(fig.2(a)),throughan intermediatevalue(fig.2(b)),
througha transitionalvalue(fig.2(c)),toa larger-thAn-transitional
value(fig.2(d)).Thevaluesof Y and l/Kc whichgivecurvesas
infigure2(c)(V/lXDahasinfiniteslopeattheorigin)aredesignated
transitionalvaluesandhavethesignificancethattheyarecrucialor
borderlinevaluesseparatinga regioninwhicha sweptcantileverwing
consideredinfinitelystiffintorsioncannotflutteranda regionh
whichsucha wingcanflutter.In figure2 onlytheshapesofthe
curves,particularlyforsmallvaluesof %/oW areof immediateinter-
est,andthecurveshaveno quantitativesignificance.

A featureofthecurvesof v/~ offigure2 tobe pointedout
isthatinfigure2(a)torsionalfrequency~ hasthepredominant
positive~luence on v forvaluesof ~~ lessthanuuitybutthat
bending.frequency~ hasa predominantinfluenceon v forportions
‘ofthecurvesoffigures2(b),2(c),and2(d)at smalJ_valuesof ~/ma.

Thisfeatureisbroughtoutasfollows:Anyincrementalsegmentofthe
curvesof v/hma offigure2 canbe representedapproximatelyby its

-———. .—— ———— ——.— — -— —.——— --
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or
.

v..mlma+~
1)

where~ and ~ areconstants.Mostoftheexperiencetodatewith

bending-torsionflutterhasledgenerallyto curvesof v/~ ofthe
typetifigure”2(a),especiallywithregardtothefeaturethat,for
smallvalues0: m#oa, theslopeofthecurveis small;thatis, ml
islargecomparedto~. Consequently,torsionalfrequencyLDahas
a much~eaterinfluenceonflutterspeedthan ~ does,hencethe
usualtorsional-stiffnesscriterionforpreventionofbending-torsion
flutter.

Witha curveof v/kma as showninfigure2(b)(aswellas in
figs.2(c)and2(d))a’portionofthecurvewithlargeslopeata small
valueof ~/ua (ml a comparedto ~) delineatesa regionwhere
bendingfrequency~ hasmoreinfluenceonflutterspeedthan ua
does.Thus,flutterspeedv canbemoreinfluencedby bendingfre-
quency~ thanbytorsionalfrequencyLOWevenforlower-than-

. transitionalvaluesof l/Kc and 7 (fig.2(b))aswellasforlarger
values(figs.2(c)and2(d)).

Thesucceedingsectionsverifythattheconditionforbending-alone
flutterisata limitoftheconditionforcoupledbending-torsionflutter
(undercertainprovisionstobe discussed)andeffectsof someparameters
areevaluated.

BendingFlutterasa LimitofBen@g-TorsionFlutter

If stigle-degreebenttlngflutterdoesexist,thetorsionalampli-
tude ~ mustbe zeroinequation(l);itthenfollowsthatthecomplex
coefficientAZ mustbe zero.In orderthatequation(3)alsobe
satisfied,thecoefficientE2 mustbe infinitesuchthat @2 = B@2,
sinceB2 and D2 areingeneralfinite.EachofthecoefficientsA2

. .

.

. —— .——.—. . _



11 NACATN 2461 9

and E2’consistofan inertiaandelasticpartandanaerodynsinicph.
Theinertiaandelasticpartof A2 is

andof ,E2iS

Themassparsmeterl/Ke isdefinedby equation(4)and,shd.larly,the

mass-moment-of-inertiaparameter( 1)
2ra K isan integratedmeanvalue

e
definedasfo~ows:

(-)2
‘a

‘E
(5)

where ra2/Ki~a sectionproper@.

ThecoefficientE2 canbe infiniteonlyif @D isinfinite

( /)fora wingof finite ra2K . Thequantityo~u canbe infiniteif:
e

(a) ~ isinfiniteand m isfiniteor (b) ~ isfiniteand m
is zero.Thecoefficient~ canbe zeroonlyif ~a isnotinfinite
fora wtigoffinitel/R~. Thus,undercondition(a) ~ mustbe
ftiitesince0 isfinite,andundercoqdition(b) ~ must%e zero
sinceu iszero.Examinationofpossiblevaluesof ~ and am
revealsthatunderbothconditions(a)and(b).thefrequencyratio~/~
iszero~ Theconclusionistherebyreachedthattheconditionfor
coupledflutter(equation(3)) cancontaintheconditionA2 = O for
pure-bendingflutteronlyif ~~ is zero.Thisisa necessarybut
nota sufficientconditionand
with A2 = O thesolutionfor

Itwasfoundfroma study

tiu ispositiveandrealif.

thefurtherrequirementexiststhat
~/o be realandpositive.

o?the~rodynamicpartof.A2 that
lj~e andthesweepparameterY are

. — . .—. —.— -—.—— .-— —..
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largerthsmcertaininterdependentminimumvalues,whichturnouttobe
.

thetransitionalvaluesdiscussedintheprevioussection.Thesetransi-
tionalvaluesgivecurvesofflutter-speedcoefficientas infigure2(c),
whilelarger-than-transitionalvaluesgivecurvesas infigure2(d).

Anotherfacetofpure-bendingfluttertobebroughtoutisthatthe
frequencyratio~/ma canbe zerointwoways,asmightbe deduced
fromthetwoconditions(a)and(b)justgiven;namely,forcondition
(a) ~ isftiiteand ma infinite,andforcondition(b) ~ is zero
and ~ finiteandgreaterthsmzero.Thesecondpossibilitywould
seemmoreeasilyapproachedthanthefirstinan experimentalprogram
onpure-bendbgflutterthroughtheuseof a bendinghingeatthewing
rootrestrainedby a vanishinglyweakspring.

Applicationto a’UnifonnWtig

Determinationoftransitionalvalues.-Forthepurposeof simplici~
of example,a uniformcantileversweptbackwing,therootofwhichis .?
consideredtobehavestructurallyas showninfigure1,istreated.The
coefficientA2 is setequalto zeroandrealsolutionsof v and @
representflutterinbendingalone.!l?heremiltof settingA2 of
reference1 equalto zeroandmultipl@ngby a convenientconstantis

~ - (%)2(1+‘ghij+- (+)Ach+N~7k (-l+Ach)-N272_$=0 (6)

where

and

IV2 f

1 d%h
Fh(U)— dq

dq2

J[ 11 2
Fh(q) dq

o

—
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.

If thebending-modeshapeFh(T) ischosenasthat
cantileverbeam-infirstbending,N1 is2.0000and

.,

Sinceequation(6) is complex,it
asfollows:

Equationof imaginaries(damping-force

canbe divided

of an idealUIlifom
N2 iS0.85837.

coefficients)

P)+0 2
~+Ich- N17(-1-I-Rc& = O

intotwoequations

(7)

/
Equationofreals(inphase-forcecoefficients)

[
+1-

Considerfirst

( )]y -Rch 1 Ich- ~17~ -N272*=0 (8)

theconditionof zerostructural-ing ($h= O).
Foranychosenvalueof ~ andtheassociatedvaluesof Rch and Ich,

solutionscanbe madefor 7 and ~$(g)~. Figure3 gives

$-m‘or~=O (plottedona logscale)asa functionof Y

forincompressibleflowandforthecompressibleflow M COSA = 0.7.
Valuesof l/~ areindicatedoneachcurve.Allvaluesof kn which
resultinpositivevaluesof 7 (indicatingsweepback)alsoresultin

positive

physical
requires

valueof

valueof

[()]2valuesfor ;l-~ . Thiscircumstance,togetherwiththe

/
conditionsthat 1 K and @@ arepositiveandreal,
~/u tofallinth~range Os~LD< 1.0. Then,forany
~/LO betweenO andl.0, l/R mustalwaysbe greaterthanthe

+F - ($)7 ●. ..
It followsthereforethat,fora givenvalue

L
of 7,theordinate-;~ - (~):] offigure3 maybe considered-the
smallestvalueof l/K whichcanbe hadandstillallowsingle-degree
bendingflutterof a uniformwingtooccur;thelimitingvalueof l/K

,, %isactuallyassociatedwiththecondition~ = O. Of coursetheabscissa

infigure3 definesthelowestvalueof 7 justastheordinatedefines

.. —..- ——..— —.- —— --- —— .—— —— –-—-——— — ————
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thelowestvalueof l/K andthesearethetransitionalvalueswhich
leadto curvesofflutter-speedcoefficientv/tia as ~,figure2(c),
discussedina prevtoussection.Thus,eventhough~~ is zero,the
conditionmustbe satisfiedthat l/K and 7 fora uniformwingfall
onorabovethecurvesoffigure3 to enableflutterh bentigalone.
Figure3 showsthattheparticularcompressibleflow M COSA = 0.7 is
predictedtohavea verystrongreliev5ngeffectontherequirements
on 1[~ and 7 forsingle-degreebendingflutter.Bothpsmmeterscsm
havemuchlowervaluesthaninticompressibleflow.

Fortheconditionof structuraldampingnotzero,numericalsolution
is somewhatmoreinvolved.Thetransitionalvaluesof l/K and 7 are
unaffectedby thevalueof gh>however,sinceforthesetransitional.
values~/o is zeroandthusthefirsttemnof equation(7) iszero.

Effectof somepsmmetersonbending-aloneflutter.-Theresults
offigure3 canbe translatedintovariousfomns;forexample,instead
of 7 foranabscissa,a specificvalueof Z’/’bcanbe chosen,and
theangleof sweepA canbe utilizedastheabscissa.Sucha trans-

formationretitsinthecurvesoffigure4 for .#-= 6. Theordinate

offigure4 is identicaltothatoffigure3 andthecurvesshowagain
thattheparticularcompressibleflow M cosA = 0.7 theoretically
greatlydecreasestherequiredminimum(transitional)valuesof l/K
ad 7 fromthoseof incompressibleflow.

Figure5 givesresultsofflutter-speedcoefficientv~ asa
function-ofangleof sweepbackA forthreevaluesof structuraldamping

Zt 1
coefficient gh andforthespecificparameters— = 6 and ~ = 1000.

b
.Thetheoreticalflutter-speedcoefficientis~eatlyreducedinthecom-
pressibleflow M cosA= 0.7 fromthatofincompressibleflow M = O.
Forexample,at 60°sweepand gh ofO,thevalueof v/~ ispre-
dictedtobe 15.4forthecompressibleflowand51forincompressible
flow.Thisfactmeansthata valueof ~ forthecompressibleflow
isrequiredtobe 331percentofthatforincompressibleflowinorder
thatthetwoabsoluteflutterspeedsbe equal.

Thecurvesoffigure5 alsopredictthatfor”theparticularparam-
etersinvolved,sm@l valuesof structuraldsmpingcoefficienthavea
largeeffectonthe‘flutter-speedcoefficient.Forinstance,inincom-
pressibleflowfora sweepbackangleof60°,an increaseof ~ fromO
to0.03increases“v/~ by 85percent.Itwasfoundthatforlower
Valuesof l/K, gh doesnothavesucha markedeffect.Thevaluesof

.—
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sweepangleto
arethevalues

13

whichthetwosetsof curvesoffigure5 areasymptotic
of A offigurek foran ordinateof 1000.

Figure6 presents

length-semichordratio

Thecurvesoffiguie5

flutter-speedcoefficientsasa functionof

for ~=o, *= 1000,andsweepangleof600.

for gh .=O andthoseoffigure6 canbe con-
sideredpartofa three-dimensionalplotwithmutuallyperpendicular
coordinatesof sweepangle,length-semichordratio,andflutter-speed
coefficientwherethecurvesofthetwofi@?eShavea junctureat
A=60° and := 6. As mightbeexpectedafternotingfigures3,4.,

—
and~, thecompressibleflow M cosA = 0.7 isseeninfigure6 tohave
a strongdetrimentaleffectcomparedtoincompressibleflow.

Thesurprisingfeatureoffigure6 isthatas 2’/b decreases,the
flutter-speedcoefficientispredictedtodecrease.(if’b isheld
constantand 2f’reduced,flutterspeedv itselfwillincrease,
however,since~ isapproximatelyinverselyproportionalto ~-,2a)

Thisresultisincontrasttothatforcoupledflutterofunsweptwings
wherea decreaseinaspectratiohasledgenerallytoan increasein
flutter-speedcoefficient.Theeffectgiveninfigure6 isbasedon
two-dimensionalflowandtheactualbehaviorofflutter-speedcoefficient
forheavysweptwingsas Z1/b decreasesmaybe a compromisebetween
thepredictedvariationshowninthefi~e andtheincreasefoundfor
unsweptwingsinthree-dimensionalflow.

Quantitativerelationofpure-bendingtobending-torsionflutter.-
Quantitativerelationsofflutterspeed,frequency,andothercharacter-
isticscanbe obtainedthroughsolutionoftheflutterdeterminant
(equation(3)) as thebending-torsionfrequencyratioisconsideredto
increasefromit6zerolimit(~ decreasesfroman infinitevaluefor
finitevaluesof ~. Theflutterdepartsfromitspure-bendinglimit
andbecomesofa coupled@e. Forthepresentexamplesonlytwomodes,
firstbendingandfirsttorsion,areincluded.

Thepointinfig& 5 forincompressibleflow, ~ = O,and A= 600
hasbeenchosenand ~/~ variedfromO toabout1.1. Theresultsof
flutter-speedcoefficientsv/~- and v~ aswellasfrequency.
ratioa$~ asfunctionsof ~/~ areshowninfigure7.,Qualitative
similarityofthecurvesof v/~ and v/~ tothoseoffigure2(d)
canbe noticed.It isobsemedthata decreaseof ~ froman infinite

valuetoa valuefivetimes mh(+=0.2) effects a decreasein v~

—. . —— —.. —___ —— -z .._ .-.—..-—— ——. —-..
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% ~ 0.2 torsionalofonlyabout22percent.Thus,intherange O $Z

rigidity,representedby Ua,theoreticallyhasa relativelysmall
effectontheflutterspeedforthewingparsmetersoffigure7. The
ratiom/~ offlutterfrequencytobendingfrequencyis seento

decreasefromabout1.3at %. %—= O to sbouil%nityfor—= 1.0.
% %

Anotherexampleoftheeffectofftiitema is showninfigure8
whtchappliesto a differentsetoftig parametersbothinticompres-
sibleflowandinthecompressibleflow M cosA = 0.7. Thesi@fi-
cantlydifferingwingparameteristhemassratio ~j~,whichhaS
a valueof 112. Suchawingislighteror isata loweraltitudethan
isthewingoffigures5 and6,whichhas ~= 1000.Thesweepparam-

eterforthecaseinfigure8 is0.2. It isapparentfromthecurvefor
thecompressibleflowintheregionof ~/~ betweenO andabout0.03
thata decreaseof ~ frominfinityhaslittleeffectonthepredicted
flutter-spee-dcoefficient,buta furtherdecreaseof @a hasa somewhat
greatereffect.Solutionforincompressibleflowdoesnotpredicta
bending-aloneflutterfor ~/~ of zerosincel/E of 112fallsbelow

theminimumrequiredvaluefor 7 of0.2(A= 45°, ~ = 5) shownin
figure 3, andboth v/~ and o/~ approachinfinitevaluesas ~/ua
approacheszero.Theresultsoffigure8 predictthatthecompressible
flowdealtwithhasa markeddetrimentaleffectonflutter-speedcoeffi-
cientforsmallvaluesof ~/~. Fora valueof @u)a of0.2,for
example,v/~ inthecompressibleflow M cosA= 0.7 isonly
53percentofthatforincompressibleflow.It followsthat,inorder
forborderlinefluttertooccuratthesameabsolutespeedsinincom-
pressibleandinthecompressibleflow,thewingstiffnessinterms
of ~ mustbe 188percentasgreatinthecompressibleflowas in
incompressibleflow.

Forthisswept-wingexampleaswellasintheotherfigures,the
compressibili~-(Machnumber)effectwasfoundtobe greaterthanhas
beenfoundforunsweptwingsh previouswork. It isreemphasizedthat
thepresentresultsarebasedontwo-dimensionalflowandthatfinite
spanis qected tohaveanappreciableeffect.

——
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DISCUSSION ,

Theover-allfindingsofthepresentanEC&sisseemto indicatethat
calculationsof single-degreebendingflutter,basedon coefficientsfor
two-dimensionalincompressibleflow,areof interestatleastasa theo-
reticallhnitingcondition.Suchcalculationspredictthatawing,in
ordertoflutterin single-de~eebending,mustpossessa combinationof
verylargemass-densityratio l/tcandlargeswee psrameteraswellas

7satisfytheconditionof zerofrequencyratio~ ma. Thisspecified
combinationofparametersconceivablycouldbe approachedbya highly
swept,stubbywtig,whichisverystiffintorsionandwhichcarriesa
heavyfueltankon itstip. As a resultbendingfrequency~ could
be moreinfluentialontheflutterspeedthantorsionalfrequency~.

A simplifiedattemptto approximatesomeeffectof compressibility
fora particularco~ressibleflow,M cosA = 0.7,resultedfimore
seriouspredictions.It ispredictedthatcompressibilityhasa strik-
inglyunfavorableeffectbothon single-degreeflutter(frequency
ratio~~ of zero)andonrelatedcoupledflutter(frequencyratio
notzero~of a heavysweptbackwingwithlow

The’useofaetidynamiccoefficientsfor
flowmayresultinoverestimationof effects
flutterof sweptbackwings.Compressibility
effectona low-length-semichord-ratioswept

length-semichordratio.

two-dimensionalcompressible
of compressibilityonthe
may,however,havea ~eater
wingthanona low-as_pect-

ratiounsweptwing. Itr&ainsforexperimentalinvestigationtogive
effectsofthree-dimensionalcompressibleflow.

.

CONCLUSIONS

Thepossibili~offlutterinbendingalone isexamined.me
analysisisessentiallythatgiveninNACARep.1014andemploysaero-
dynamiccoefficientsofWo-dhensionalincompressibleandcompressible
flow. As a resultoftheanalysisandapplicationtouniformwings,the
followingconclusionsaremade:

1.A cantileversweptbackwingwilltheoretic- flutterh ben&&
aloneinpotentialfloweventhoughitisinfinitelystiffintorsionif
it isheavyenoughrelativetothesurroundingmediumandhasa suffi-
cientlylargesweeppsmmeter.

2.Flutterinbendingaloneis.alimitingcaseofthebetter-lmown
coupledflutterasthebending-torsionfrequencyratioapproacheszero
underthetwoconditionsstatedinthefirstconclusion.
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3.Computationsbasedontwo-dimensionalcompressible-flowcoeffi-
cientsforthenormal-componentMachnumberof0.7indicatethatcom-
pressibilityhasa markeddetrimentaleffectonbending-aloneflutter
ofa heavysweptbackwingof lowlength-semichordratio,firsth that
theconditionsonmassratioandsweepparameteraregreatlyrelaxed,
andsecond,thata wtigisrequilredtohaveconsiderablyhigherbending
frequencytopreventflutterinthecompressibleflowthaninincompressi-
ble flow.

k. Eventhougha heavywingofhighsweepparameterdoesnotsatisfy
theconditionof zerobending-torsionfrequencyratio,ifthatratiois
low,coupled-flutterspeedmaydependmoreonwingbendingthanontor-
sionalfrequency.Furthermcme,theeffectof compressibilityonthe
coupledflutterof sucha sweptbackwingmaybe considerablygreat&r
thanhasbeenfoundforlow-aspect-ratiounsweptwings.

5.Effectsoffinitespanhavenotbeenconsideredbutareexpected
tobe appreciableforlow-aspect-ratiowings.

LangleyAeronauticalLaboratory
NationalAdvisoryCommittee.forAeronauti~s

LangleyField,Vs.,June19,1951
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Figure 6.-Flutter-speed coefficient v/~ aa a function of length-

semichofi ratio 2?/b for single-degreebading flutter of a uniform
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ro
4=

E

r



. ,
0

I

1.4

60

1.3

&TIm13z

/“ -5wpI
.2 .4 .6 .$ 1.0 1.2

wing b-eqwrcy ratio, ~
a

Figure 7.-Flutter-speed coefficients v/* and v/~ W frequency
ratio Lo/~ aa functions of wing frequency ratio cqJ~ for a

uniform cantilever wing having the following garameterB: A = 60°; ,
~=

6;~=D30;Xe aJW3; Ng= 40; ra2=0.25; ~ gh=~mo.
b



30 I 2.4

25‘ .2.0

\ , \ \
20 \ \

\
\,

I I I I I I -1.

\’ L \ \+-
1

IttttH’”’dfl

~ M COSA - 0.7’-I

8 ‘0
E \ \

5

I I

=, ~

00 .2 . . . 1.0 .

W@ 11-aquemyratio, ~

Figure 8.-Flutter-speed coefficient v/~ and frequency ratio u/%

.ssfunctions of wing frequency ratio ~~ in incompreEaible”flow

and in the caupressible flow M cos A = 0.7 for a uoiform cantilever

wing havtig the following

‘ea .l@; +g=k; ra2=

1’parameters:A E 4.5°;— = 5;~ = 112;
b

o.=;- gh=~=o.

. . .
0


